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Local stress in an atomic system, which provides an average stress measurement within a spatial volume
containing a collection of atoms, is essential for determining the mechanical properties of a nanoscale
structure as well as developing a proper multiscale modeling technique. Theoretically, the smaller aver-
aging volume where a local stress can converge, the closer this atomistic stress deﬁnition can approach
the ideal continuum stress. As a result, the more accurate stress concentration can be evaluated for the
inhomogeneous case. With reference to the previous studies focusing on the spherical averaging volume,
dependent on the type of crystals, the convergent radius of the virial stress or Hardy stress usually spans
the size of several lattice constants. In this paper, we ﬁnd that, once the averaging volume is periodic, the
convergence of the virial stress and Hardy stress can be accomplished within one single lattice, which is
much smaller than what is required by other non-periodic volumes such as a sphere. In the ﬁnal section, a
cracked sodium chloride crystal is considered to demonstrate that the crack opening stress described by
the periodic lattices captures the stress concentration near the crack tip.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Continuum theory has demonstrated its value in modeling the
mechanical properties of solids and structures. However, as the
dimension is downsized to the atomistic scale, continuum stress
and atomistic stress may not match each other due to the discrete
nature of the atomistic structure. This brings up a question about
how we can interpret results from molecular simulations in terms
of continuum mechanics. One possible solution to this problem is
homogenizing a group of atoms as a material point, similar to
the micromechanics in composites materials (Sun and Vaidya,
1996). Since this method has not been standardized, the stress va-
lue may depend on the choice of the homogenization technique
used. This issue becomes even more pronounced when the size
of geometric discontinuity is also reduced to the nanometer range.
In order to connect a phenomenon at nanoscale to the macroscopic
continuum variable, there is a need to develop a physically reason-
able homogenization technique for obtaining the local stress infor-
mation in atomistic systems.
In addition, the local atomistic stress deﬁnition is emphasized
due to the emergence of multiscale modeling. Several different
methods, i.e., quasicontinuum (Tadmor et al., 1996), bridging scale
method (Wagner and Liu, 2003), bridging domain (Xiao and
Belytschko, 2004), have been proposed to extend the length andtime scale of molecular simulations. A comprehensive review of
multiscale modeling techniques can be found in the work of Miller
and Tadmor (2009). Since these multiscale modeling methods in-
volve two or more levels of simulation techniques such as molec-
ular dynamics (MD) and the continuum ﬁnite element method
(FEM), it is of practical interest to understand how to deﬁne the
concept of stress in atomistic systems and ensure smooth commu-
nication between two different scale domains.
The development of stress deﬁnitions can be traced back to the
19th century. Clausius (1870) and Maxwell (1870) developed the
virial theorem to measure the internal stress of a ﬁxed volume con-
taining the interacted atoms at ﬁnite temperatures (T > 0 K). Che-
ung and Yip (1991) revised the virial theorem to calculate the
momentum ﬂux and force across an area and claimed their deﬁni-
tion can present the correct stress distribution near the free sur-
face. Zhou (2003) pointed out the virial stress including the
kinetic contribution is not equivalent to Cauchy stress in contin-
uum. However, Subramaniyan and Sun (2008) performed a ther-
mal stress analysis to demonstrate that both kinetic and
potential parts in the virial theorem are essential to interpret the
virial stress as Cauchy stress in MD simulations.
Irving and Kirkwood (1950) considered mass, momentum and
energy conservations in terms of the statistical ensemble to derive
alternative stress formalism. To simplify a series expansion of Dirac
delta functions in Irving and Kirkwood’s work, Hardy (1982) and
Murdoch (1983) proposed the localization function to represent
the probability density distribution. As a result, the discrete
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atom, can be mapped into the continuous ﬁelds as density,
momentum and energy density, respectively. Drawing on the con-
cept of localization function, Ulz and Moran (2012) utilized Gauss-
ian mixture modeling to measure the similarity of atoms and
decide if atoms belong to the same space-averaging volume.
Recently, with the focus on perfect crystals under uniform load-
ing, Zimmerman et al. (2004), Branicio and Srolovitz (2009), and
Admal and Tadmor (2010) studied the size of a sphere that is nec-
essary for the local virial stress or Hardy stress to converge to the
continuum stress. If a single-atom crystal is considered, the con-
vergent radii of the virial stress and Hardy stress cross 4 and 2
times the size of the lattice constant, respectively (Zimmerman
et al., 2004; Admal and Tadmor, 2010). As for the multi-atom crys-
tal, the advantage of Hardy’s deﬁnition diminishes and both stress
deﬁnitions require a radius of 5 times the size of the lattice con-
stant to achieve convergence (Branicio and Srolovitz, 2009). The
main purpose of this paper is to demonstrate that if the spatial
averaging volume is periodic, the convergence of the virial stress
and Hardy stress can be accomplished within one single lattice dis-
tance. To demonstrate the superiority of the periodic averaging
volume, we consider a central crack embedded in a sodium chlo-
ride crystal. With comparison to continuum ﬁnite element solu-
tions, the crack opening stress from a series of periodic lattices
captures more detailed stress concentration than what is pre-
sented by other non-periodic averaging volumes.
2. Deﬁnition of stresses in atomic systems
For a volume V with center of mass setting in position x and
moving with velocity v, the equation of motion of each atom inside
is given byX
a– b
Fabi þ bai ¼ Ma _vai ð1Þ
where i; j ¼ 1;2;3 represent the x, y, or z direction, Fab is the inter-
action of atom a due to atom b, ba is the external force outside the
volume, and Ma is the mass of atom a, respectively. It is noted that
the relative position ra and velocity _ra, i.e., va ¼ v þ _ra, of atom a
with respect to the center of mass follow the relations asX
a
rai ¼ 0;
X
a
_rai ¼ 0 ð2Þ
The summation of tensor product between Eq. (1) and (xa  xo),
where the atomistic position xa = x + ra and xo is an arbitrary ﬁxed
point in spaceX
a
X
a– b
xaj  xoj
 
Fabi þ
X
a
xaj  xoj
 
bai
¼
X
a
xaj  xoj
 
Ma _v i þ €rai
  ð3Þ
Through Newton’s third law, Fab = Fba, and the integration by
parts, Eq. (3) can be rearranged asX
a
xaj  xoj
 
bai ¼ 
1
2
X
a
X
a– b
xaj  xbj
 
Fabi

X
a
v j þ _raj
 
Ma v i þ _rai
 
þ d
dt
X
a
xaj  xoj
 
Ma v i þ _rai
  ð4Þ
With consideration of Eq. (2) and neglect of pure rigid body
terms without contributing deformation, Eq. (4) is simpliﬁed as
X
a
xaj xoj
 
bai ¼
1
2
X
a
X
a–b
xaj xbj
 
Fabi 
X
a
Ma _rai _r
a
j þ
d
dt
X
a
raj M
a _rai ð5ÞThe last term in Eq. (5) is eliminated if the duration of time
average is taken sufﬁciently long (Murdoch, 2007). In the contin-
uum viewpoint, the moment produced by the traction vector t
with respect to the distance between a ﬁxed point xo and a mate-
rial point position x isZ
ðxj  xoj Þtids ¼
Z
ðxj  xoj Þriknkds ¼
Z
@
@xk
ðxj  xoj ÞrikdV
¼ rijV ð6Þ
through the use of the divergence theorem and equilibrium condi-
tion. By assuming that the external force terms in the discrete and
continuum viewpoints, i.e., Eqs. (5) and (6), are equivalent, we can
deﬁne the virial stress as
rij ¼  1V
X
a
Maðvai  v iÞðvaj  v jÞ þ
1
2
X
a– b
xaj  xbj
 
Fabi
 !
ð7Þ
Though only valid for pair potentials, the virial stress deﬁnition
in Eq. (7) can be generalized for multi-body potentials. As Eq. (7)
indicates, the information of calculating the virial stress, e.g., the
atomistic velocity and the interaction force between pairs of
atoms, is already known through the numerical integration in
MD simulations. This straightforward implementation makes the
virial theorem the most widely used atomistic stress deﬁnition. It
is noted that Eq. (7) is derived with V as the total volume of a sim-
ulation box. In order to deal with the stress concentration resulting
from the crystal imperfection, the local virial stress is calculated
based on the average over a small group of atoms inside the box.
Introducing a localization function w, Hardy (1982) trans-
formed the discrete atomistic mass, velocity, and total energy of
an atom (potential energy + kinetic energy) into the continuous
density q, momentum p, and energy density E ﬁelds at a material
point x
qðx; tÞ ¼
X
a
MawðraÞ ð8Þ
piðx; tÞ ¼
X
a
Mavai wðraÞ ð9Þ
Eðx; tÞ ¼
X
a
1
2
Ma vai v
a
i
 2 þ Ua wðraÞ ð10Þ
where ra = |xa  x| is the distance between atom position xa and
material point x. The localization function has the following proper-
ties:
1. w has the unit of inverse volume as Eq. (8) implies.
2. w is a normalized function, i.e.,
R
wdV = 1.
3. w is peaked at the material point x and decays smoothly to zero
along the boundary of averaging volume.
In the current study, we consider two kinds of localization func-
tions. One is a step function remaining constant within the averag-
ing volume. Another is the 3rd order polynomial used for the
spherical or cylindrical volume
wðraÞ
wjra¼0
¼ 1 3 r
a
R
 2
þ 2 r
a
R
 3
ð11Þ
where R is the radius of the averaging volume. It is noted that Eq.
(11) and its ﬁrst derivatives are equal to zero along ra = R. For the
cubic volume discussed in the following sections, the isotropic aver-
aging, the same weight for atoms at the same distance from mate-
rial point, can be maintained by choosing a step function as the
localization function. For a more detailed discussion about the
anisotropic averaging resulted from the use of non-spherical vol-
umes, the reader is referred to the work of Murdoch and Bedeaux
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Fig. 1. Local stress averaged within the spherical volume of increasing radius R in
NaCl subjected to applied strain eyy = 0.01.
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ﬁned as
v iðx; tÞ ¼
P
aM
avai wðraÞP
aM
awðraÞ ð12Þ
Substituting Eqs. (8)–(10) and (12) into the relations of mass,
momentum, and energy conservation, Hardy stress is expressed as
rij ¼ 
X
a
Maðvai  v iÞðvaj  v jÞwþ
1
2
X
a– b
xaj  xbj
 
Fabi B
ab
 !
ð13Þ
Eq. (13) has been shown to be valid for the multi-body poten-
tials (Chen, 2006). The relative velocity between the atomistic
velocity va and material velocity v is considered in the kinetic term,
and Bab represents the weight of the bond length between atom a
and atom b
Bab ¼
Z 1
0
wðkrab þ rbÞdk ð14Þ
where rab is the interatomic distance and rb represents the distance
between atom b and material point x.
3. Local stress calculation in perfect crystals
For a perfect crystal subjected to uniform loadings, three kinds
of stress deﬁnitions including local atomistic stress (either in virial
or Hardy’s theorem), global stress (the whole volume-averaged
virial stress), and continuum stress, are supposed to be identical.
Therefore, this homogeneous case can provide a reference point
for determining the size of the averaging volume necessary for
the local atomistic stress to match the continuum stress. Here,
we compare the results of spherical and cubic volumes to realize
how the different shaped volumes inﬂuence the convergence of
the virial stresss and Hardy stress.
In the present study, we consider two crystals: sodium chloride
(NaCl) and Nickel (Ni) described by the pair (Catlow et al., 1977)
and EAM potentials (Foiles et al., 1986), respectively. Both NaCl
and Ni crystals, arranged in cubic orientations with x = [100],
y = [010] and z = [001], contain 50 lattices in three directions. The
MD simulations are performed using the package LAMMPS (Plimp-
ton, 1995) with a time step of 1 fs. Under periodic boundary condi-
tions in both x and z directions, the tensile loading is applied by
moving the two outmost layers along the y direction under the
canonical (NVT) ensemble. For all the specimens in this paper,
the displacement increment Duy = 0.02 Å is applied within 1 ps,
followed by relaxation (ﬁxing the positions of the outmost layers)
for 2 ps and data collection (time averaging) for another 2 ps. Thus,
the engineering strain is deﬁned as
eyy ¼ uyLo ð15Þ
where uy is the total applied displacement and Lo is the height after
initial relaxation. The following sections discuss the variation of lo-
cal virial stress and Hardy stress against the increasing size of aver-
aging volume under eyy = 0.01.
3.1. Sodium chloride (NaCl)
Focusing on the spherical volume of radius R, i.e., V ¼ 43pR3,
Fig. 1 shows with the increasing radius R (normalized by the lat-
tice constant of NaCl at the temperature of 1 K, a = 2.786 Å), the
local stress ryy calculated either by the virial or Hardy’s theorem
initially oscillates drastically and then approaches the continuum
(global) stress. The local virial stress needs to have a volume of
radius at least 5 times larger than the size of the lattice constant
to reach the converged value. On the other hand, the Hardy stressshows dependence on the choice of localization functions due to
different results from two types of localization functions. The
convergence of the step function is very slow and the ﬂuctuation
is still noticeable at R = 10a. Meanwhile, the 3rd order polynomial
enables the Hardy stress to converge once R > 3a. This veriﬁes the
statement in previous studies (Zimmerman et al., 2004; Admal
and Tadmor, 2010) that the Hardy stress with high order localiza-
tion functions performs a quicker convergence than the local viri-
al stress.
Regarding the crystal structure of NaCl, a simple symmetric cu-
bic lattice where the sodium and chloride ions are arranged alter-
natively in three-dimensional space, we assert a cubic volume
could be a more suitable candidate than a sphere. By varying the
half-length R of a cube with volume V = (2R)3, although the ﬂuctu-
ation of the local virial stress in Fig. 2 is larger than that in Fig. 1,
the local virial stress can reach exact value if the dimension of
the cubic volume R ¼ 1a;2a;3a . . . is selected. It is noted that all
these cubic volumes that make the local virial stress converge
are periodic in the NaCl crystal. We also ﬁnd the Hardy stress un-
der the step function leads to the same phenomenon as the local
virial stress at R ¼ 1a;2a;3a . . .. Therefore, with the periodic aver-
aging volume, both the local virial and Hardy stress can achieve
convergence within one lattice, which is much smaller than what
is required by the spherical volume.
Periodicity of NaCl crystals can be further discussed by focusing
on a single Na+–Cl pair. The per-atom stress (Eq. (7) without vol-
ume average) of Na+ and Cl atoms (or ions) are around
RNaþyy  22  103 and RClyy  1.8  103 MPa  Å3 with ﬂuctuation.
For simplicity without loss of generality, the ﬂuctuation is ne-
glected in this uniform loading case at low temperature. The con-
tinuum stress (ryy = 561.39 MPa) is approached by taking the
sum of per-atom stress values within a single Na+–Cl pair divided
by its periodic volume 2a3. Since it is the minimum periodic vol-
ume found in NaCl crystals, the other periodic volumes are sup-
posed to be the multiple of 2a3. If the periodicity of lattices is set
up based on the red square in Fig. 3 (R = 0.5a), all the eight atoms
are located at corners, representing each atom occupies one-eighth
portion. The local virial stress ryy within this periodic volume can
be calculated as
ryy ¼ 1a3
1
8
 4 RNaþyy þ
1
8
 4 RClyy
 
¼ 1
2a3
RNa
þ
yy þ RCl

yy
 
ð16Þ
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Fig. 2. Local stress averaged within the cubic volume of increasing half-length R in
NaCl subjected to applied strain eyy = 0.01.
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volume 2a3. As indicated by green dots in Fig. 2, the ryy values aver-
aged over different sizes of periodic volumes, e.g., for R = 1.5a (blue
square in Fig. 3), 8 atoms inside the volume (entire portion), 24
atoms located on the surface (half portion), 24 atoms along the
intersection between two planes (quarter portion), and 8 corner
atoms (one-eighth portion), are consistent with the continuum (glo-
bal) stress.3.2. Nickel
Based on the Nickel atoms grouped together in the FCC crystal
(the lattice constant a = 3.517 Å at the temperature of 1 K), the
comparison between the local virial and Hardy stress averaged
over spherical volumes is demonstrated in Fig. 4. The superiority
of the Hardy stress in the single-atom system is even more prom-
inent than in the multi-component atomistic system since the con-
vergent radii of R = 2a for the 3rd order polynomial and R = 4a forR
a
Fig. 3. Periodic volume to calculate the local stress in NaCl. (For interpretation of
the references to color in this ﬁgure legend, the reader is referred to the web version
of this article.)the step function are smaller than those of the corresponding local-
ization functions in NaCl crystals (see Fig. 1).
Because an FCC crystal is not arranged in simple cubic lattices,
Fig. 5 shows that the local virial stress and Hardy stress averaged
with the cubic volume cannot reach the exact value at
R ¼ 1a;2a;3a, etc. Even though the normal stress varies regularly
with the increase of the half-length R, a periodic volume in the
FCC crystal is unlikely to be found by simply taking a cubic volume.
Following the same procedure used in NaCl crystals, the contin-
uum stress (ryy = 2310.1 MPa) can be obtained by the per-atom
stress of a nickel atom (RNiyy  24  103 MPa  Å3) divided by its
periodic volume a3/4 (4 atoms in a single lattice). Therefore, count-
ing the portion of an atom provides an alternative way to deﬁne
the periodic volume in FCC, e.g., out of sixteen atoms in one lattice
(R = 0.5a), six atoms on the surface (half portion) and other eight
atoms at corners (one-eighth portion). Agreement between the lo-
cal virial stress averaged over increasing periodic volume and con-
tinuum stress is shown in Fig. 5.
3.3. NaCl at elevated temperature
Focusing on the virial theorem, the local stress within a perfect
NaCl crystal at room temperature, 300 K, is estimated by the
square-shaped and cylindrical volumes, respectively. These two
volumes span over the thickness of the NaCl system consisting of
10 unit cells in the z direction. Regarding the lattice constant ex-
panded from 2.786 to 2.814 Å as the temperature increases from
1 to 300 K, Fig. 6 demonstrates that the idea of periodic volume
is still applicable at elevated temperature since the local virial
stress averaged over the square-shaped volume achieves the global
stress at R ¼ 1a;2a;3a and so on. On the other hand, similar to the
result at the temperature of 1 K, the convergent radius of non-peri-
odic (cylindrical) volume is about 5 times the size of the lattice
constant.
4. Crack opening stress in NaCl crystals
One purpose of developing the local atomistic stress is to study
stress concentration (inhomogeneity) in crystals. In this study, the
non-uniform stress distribution is induced by embedding a crack in
theNaCl crystals. As Fig. 7 shows, a central crack along the xz plane is
createdby cutting 6 or 30 (denoted as 6p or 30pmodel, respectively)
interaction pairs. The specimen size is 417.9  563.4  27.9 Å31 2 3 4 5 6 7 8 9
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respectively. There have been some studies calculating the crack-
tip stress ﬁeld in the MD simulation by use of the virial or Hardy
stress deﬁnition (Cleri et al., 1998; Mattoni et al., 2004; Buehler
et al., 2006; Tsai et al., 2010). Some researchers (Yamakov et al.,
2006; Krull and Yuan, 2011; Paliwal and Cherkaoui, 2013) further
employed the concept of local atomistic stress to extract the trac-
tion–separation relation inmolecularmodels. In this study, focusing
on the failure conditions of brittle solids, we investigate the inﬂu-
ence of stress averaging techniques on the near-tip stress distribu-
tion and related fracture toughness in terms of the critical stress
intensity factor.
4.1. Global stress
Applying displacement loading (y direction) and periodic
boundary condition (x and z direction), the global stress versus
engineering strain curves of a perfect crystal and two cracked spec-
imens are demonstrated in Fig. 8. The global stress of the perfectcrystal is equivalent to the uniform continuum stress and thus
the theoretic strength of NaCl is determined as rth = 3.43 GPa. As
for the cracked specimens, since the continuum stress is non-uni-
form, the global stress can only provide the information of an en-
tire cracked specimen, which indicates the failure condition
corresponding to the maximum global stress, i.e., ecr = 0.039621
for the 6p-type model and ecr = 0.020638 for the 30p-type model.
4.2. Stress-averaging volumes
To describe the crack opening stress by the local atomistic
stress deﬁnitions, the blot dots in Fig. 9(a) (the midpoints of each
lattice along the crack line) represent the centers of averaging vol-
umes or the material points in Hardy’s deﬁnition. In addition,
Fig. 9(a) shows that the initial crack tip is assumed to be at the
location of the ﬁrst Na+–Cl pair without removing the interaction,
and the lattices are numbered according to their positions from the
initial crack tip.
Following the square-shaped and cylindrical volumes used in
Section 3.3 (perfect crystal at elevated temperature), Fig. 10 illus-
trates that the crack opening stress calculated by the square-
shaped volume with volume V = 5.57  5.57  27.86 Å3
(2a  2a  10a, a = 2.786 at the temperature of 1 K). Although this
square-shaped volume spans over the entire thickness, it still
5.57 Å (2a)
5.
57
Å
(2
a)
27.8
6 Å
(10a
)
Fig. 10. Square-shaped volume to calculate crack opening stress.
2032 S.-H. Cheng, C.T. Sun / International Journal of Solids and Structures 51 (2014) 2027–2035maintains the periodicity in space. In contrast, the cylindrical vol-
ume with the axis lying along the z direction is treated as the non-
periodic volume. There are two radii considered in the cylindrical
volume, 8.36 Å (3a) and 13.93 Å (5a), which correspond to the con-
vergent radius of the Hardy and local virial stress in Fig. 1, respec-
tively. For simplicity, the sizes and shapes of averaging volumes do
not alter with the deformed crystal under small deformation
assumption.
4.3. Crack opening (local) stress distributions
Take a look at the specimen with the larger crack size (30p-type
model) ﬁrst. While the global stress of the cracked specimen
reaches the maximum (the failure condition ecr = 0.020638 in
Fig. 8), Fig. 11(a) (with numbers to mark the positions of lattices
in Fig. 9) shows the crack opening stress distributions based on
the virial theorem. The result of the square-shaped volume shows
the lattice that gives rise to the maximum normal stress is the sec-
ond lattice ahead of the initial crack tip and this maximum value is
close to the theoretic strength rth = 3.43 GPa of perfect NaCl crys-
tals. This provides the evidence that the maximum stress that a lat-
tice can sustain is equivalent to the theoretic strength of the
perfect crystal. Thus, instead of considering the critical stress
intensity factor based on stress singularity from continuum frac-
ture mechanics, it is natural to use the maximum stress as the frac-
ture criterion in molecular models. Besides, according to our
previous study (Cheng and Sun, 2014), the reason why the failure
of a cracked specimen is not related to the maximum normal stress
of the ﬁrst lattice but the second one is because of the artiﬁcial cut-
ting bond to initiate a central crack.
The continuum crack opening stress is determined by the two-
dimensional plane strain FEM model. To maintain the equivalence
between the MD and FEM model, except for the periodic boundary
condition in the transverse direction and the identical magnitude
of applied displacement, one consideration is that the crack tip
no longer stays at the initial position but moves forward a lattice
constant as shown in Fig. 9(b). We have this consideration because
the crack tip position is assumed to follow the lattice with the
maximum normal stress. To better explain, the distance from the
present crack tip to the center of each lattice along the crack line,
which is employed as the horizontal axis in Fig. 11, is also indicated
in Fig. 9(b). Another consideration is that the material properties
are not constant but decreasing along with the increasing applied
strain due to the nonlinearity of the potential function, shown as
the stress–strain curve of the perfect crystal in Fig. 8. To deal with21 4 5 63
Distance ahead of Initial Crack Tip, x
0 1.5a0.5a 2.5a 3.5a 4.5a 5.5a-0.5a-1.5a-2.5a
a = 2.786 Å
Initial Crack Tip
6p
30p
(a) (b
Fig. 9. Crack tip position and atom position snapshot at (a) the initial state, the numb
condition of ecr = 0.039621 for 6p-type model or ecr = 0.020638 for 30p-type model, whe
forward a lattice constant.this situation, in the stress–strain curve of the perfect crystal, the
secant modulus can be deﬁned as the slope of the secant straight
line from the origin to the global stress corresponding to the level
of applied strain. It turns out that the secant moduli are
C11 = 52.82 GPa and C12 = C44 = 12.64 GPa (due to the pair poten-
tial) at eyy = 0.020638.
Based on the secant moduli and the crack length = 91.94 Å (ini-
tial crack length plus two sizes of lattice constant), the FEM solu-
tion for the critical strain ecr = 0.020638 is presented as the black
line in Fig. 11. The virial stress averaged over the square-shaped
volume closely matches with the FEM solution except for the lat-
tice closest to the crack tip (the second lattice) where the stress ap-
proaches inﬁnity according to continuum fracture mechanics. This
explains that the atomistic stress under the minimum periodic vol-
ume provides the discrete information to calculate ‘‘point’’ contin-
uum stress. As for the cylindrical volume with the radius 8.36 Å
(3a) where the local virial stress does not converge (see Fig. 1),
the corresponding crack opening virial stress deviates signiﬁcantly
from other distributions. Once the radius of the cylindrical volume
is increased to 13.93 Å (5a), even though the performance of the
virial stress is improved (the consistence with the FEM solution
for the distance from the present crack tip larger than 16a), the
near-tip stress distribution does not match with the FEM solution
or the local stress averaged over the square-shaped volume.
As for Hardy’s deﬁnition, the crack opening stress distributions
calculated by either the combination of the square-shaped volume21 4 5 63
Distance ahead of Crack Tip, x
0 0.5a-0.5a 1.5a 2.5a 3.5a 4.5a-1.5a-2.5a-3.5a
a = 2.786 Å
Failure Condition
εcr = 0.039621 for 6p, εcr = 0.020638 for 30p
6p
30p
)
ered lattices according to their position from the initial crack tip; (b) the failure
re the second lattice has the peak normal stress and the crack tip position is moved
0 2 4 6 8 10 12 14 16
0
500
1000
1500
2000
2500
3000
3500
4000
σth = 3.43 GPa
Local Virial Stress
N
or
m
al
 S
tre
ss
, σ
yy
 (M
Pa
)
Distance ahead of Present Crack Tip / Lattice Constant (a)
 Square-Shaped Volume  
 Cylindrical Volume (R = 3a)
 Cylindrical Volume (R = 5a)
 FEM a = 2.786 Å
1
0 2 4 6 8 10 12 14 16
0
500
1000
1500
2000
2500
3000
3500
4000
σth = 3.43 GPa
a = 2.786 Å
Hardy Stress
N
or
m
al
 S
tre
ss
, σ
yy
 (M
Pa
)
Distance ahead of Present Crack Tip / Lattice Constant (a)
 Square-Shaped Volume + Step   
 Cylindrical Volume + 3rd Order(R = 3a)
 Cylindrical Volume + 3rd Order(R = 5a)
 FEM
(a)
(b)
2 3 4 5 6
1 2 3 4 5 6
Fig. 11. Crack opening stress distributions of 30p-type model calculated by the (a)
virial theorem, and (b) Hardy’s deﬁnition; the numbers (1–6) used to mark the
position of lattices in Fig. 9.
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are shown in Fig. 11(b). In comparison to the continuum FEM solu-
tion, the Hardy stress with the square-shaped volume and step
function demonstrates the same accuracy as the local virial stress
averaged over the same volume in Fig. 11(a) except for the lower
peak stress. Such lower value of the maximum stress indicates
when the extremely large stress gradient happens in the lattice,
the local virial stress leads to a more precise result than the Hardy
stress based on the step function. The result from the cylindrical
volume with radius 8.36 Å (3a) in Fig. 11(b) is better ﬁtted into
the FEM solution than the corresponding virial stress since the
Hardy stress reaches the converged value for R > 3a. It is important
to note that the Hardy stress, averaged over the cylindrical volume
with radius 13.93 Å (5a) where both stress deﬁnitions converge
(see Fig. 1), still performs better than the corresponding virial
stress due to the high order localization function to decrease the
contribution from the high stress level in the near-tip region.
Focusing on the specimen with smaller crack length (6p-type
model), Fig. 12 shows the near-tip stress distributions determined
by the virial stress (averaged by square-shaped volume in Fig. 10)
and the Hardy stress over cylindrical volumes with 3rd order local-ization function. Under the failure condition of ecr = 0.039621, the
peak value of local virial stress (at the second lattice from the ini-
tial crack tip) approaches the theoretic strength of perfect NaCl
crystals rth = 3.43 GPa. This is the same phenomenon happening
in the 30p-type model as shown in Fig. 11(a). Therefore, we can
say as the crack length decreases, the degree of stress concentra-
tion decreases. Different from the agreement between the results
of the Hardy stress and FEM shown in Fig. 11(b) of the 30-type
model, the near-tip stress distribution of the smaller crack length
based on the Hardy stress over the larger cylindrical volume
(R = 5a) deviates from the corresponding continuum FEM solution
(C11 = 47.19 GPa, C12 = C44 = 12.25 GPa, crack length = 25.07 Å), in
contrast to the more agreeable results of virial stress over
square-shaped volume and Hardy stress with the smaller cylindri-
cal localization volume (R = 3a). This illustrates that even with the
use of Hardy’s deﬁnition, the smaller averaging volume is still re-
quired to capture the actual near-tip stress distribution as crack
length (stress concentration) decreases.4.4. Critical stress intensity factor
The signiﬁcance of the stress-averaging volume size can be fur-
ther acquired by estimating the critical stress intensity factor KIc
deﬁned as
KIc ¼ lim
x!0
ryy
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p
ð17Þ
where ryy is the crack opening stress under failure condition and x
is the distance from the present crack tip. Given the distance from
the crack tip position in Fig. 9(b), we multiply the crack opening
stress distributions in Figs. 11 and 12 by (2px)0.5 to extract the
stress intensity factor KIc. These results are plotted in Fig. 13(a)
and (b) where numbers (2–6) represent the positions of lattices in
Fig. 9(b). In Fig. 13(a) of the 30-type model, while the ryy(2px)0.5
distributions in Hardy’s deﬁnition approach the FEM solution after
the fourth lattice from the initial crack tip, the matched virial result
averaged by the minimum periodic volume starts from the third lat-
tice. These two locations provide the starting points to project stress
intensity factors shown as dash lines in Fig. 13. The critical stress
intensity factor is estimated as the intersection of the projection
line and the y-axis. The related values against different stress
averaging techniques can be found in Table 1. It is noted that KIc
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Fig. 13. ryy(2px)0.5 distributions under the critical strains ecr of (a) 30p-type and (b)
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ing dominance of singular stress (Adnan and Sun, 2010; Cheng and
Sun, 2014).
For two types of crack lengths in this study, the critical stress
intensity factors obtained by the virial stress and Hardy stress with
smaller cylindrical volume (R = 3a) are close to the FEM results. As
for the larger cylindrical volume (R = 5a), the deviation becomes
larger as the crack length decreases since the corresponding
near-tip stress distribution cannot reﬂect the decreasing stress
concentration as shown in Fig. 12. Thus, it is reasonable to specu-Table 1
Comparison of critical stress intensity factors obtained by different atomistic stress
averaging techniques and FEM.
KIc (Pa
p
m)
Model Virial periodic
volume
Hardy cylinder
(R = 3a)
Hardy cylinder
(R = 5a)
FEM
30p 12.7253  104 11.9409  104 11.8587  104 12.4224  104
6p 11.8348  104 11.8729  104 10.0274  104 11.4576  104late if the crack length is downsized further, error would then re-
sult in the Hardy stress from the cylindrical volume with R = 3a
because its volume size is much larger than the square-shaped vol-
ume composed by periodic lattices.5. Conclusions
The evidence from our study showed that if both the local virial
stress and Hardy stress are averaged over a periodic volume, the
convergence can be accomplished within one single lattice. To ver-
ify stress concentration preserved by this stress-averaging tech-
nique, the NaCl crystals with two sizes of crack lengths were
utilized to show that the crack opening stress distributions, deter-
mined by the virial and Hardy stress with periodic volumes, are
consistent with the continuum FEM solution. By contrast, under
the spherical or cylindrical (non-periodic) averaging volume, even
though Hardy’s deﬁnition with the 3rd order localization function
performs a quicker convergence than the corresponding virial the-
orem, the spherical radius at which the Hardy stress converges still
spans the size of several lattice constants. Therefore, the non-peri-
odic volume loses the resolution to reﬂect the actual stress distri-
bution around the crack tip because of the larger size to converge.
The situation may deteriorate when the crack length is downsized,
which produces an inaccurate stress intensity factor compared
with results of the virial stress based on periodic volumes and
FEM solutions.
It is also noted that the original idea of the virial and Hardy
averages is to deal with the general cases, i.e., gas, liquid and amor-
phous materials, which requires the capability of placing a material
point arbitrarily for stress-average techniques. The periodic lattice
built on knowing the atomistic structure in advance limits the
choice of material points. However, on the basis of fracture criteria,
since the local virial stress over the square-shaped volume demon-
strates the validity of the maximum normal stress criterion by pre-
senting the equivalence between the peak stress and theoretic
strength, and estimates the critical stress intensity factor accu-
rately if continuum fracture mechanics is considered, the periodic
lattice is an appropriate stress averaging technique to describe the
failure mechanism in crystal structures. How to include the large
deformation using the averaging volume mapped by distorted
crystals and extend the present study from single-crystal to
nano-crystalline materials will be a subject of future study.References
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